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– Koichi Kondo) (Yoshimasa Nakamura)
Steffensen , $x=\phi(x)$
– . Steffensen
. $k$ Shanks . $k=1$
Steffensen . $\phi’\neq 0,$ $\pm 1$ $k+1$
, $\phi’=0,$ $\psi^{N}\neq 0$ $(k+2)2^{k-1}$ . , Shanks




1 $x=\emptyset(x)$ – .
, $\phi(x)$
$x_{n+1}=\phi(x_{n})$ , $n=0,1,2,$ $\ldots$ (1)









2 . , $|\phi’(\alpha)|<1$
[7, pp. 241-246].
. , Steffensen Newton . , $f\equiv\phi-x$ ,
$f(x)=0$ ( 1 ). , $h\equiv f(x_{n})$ Steffensen
(2)
$x_{n+1}=X_{n}-f(_{X_{n}})/( \frac{f(_{X_{n}+}h)-f(Xn)}{h})$
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. $f’(X_{n})$ $harrow \mathrm{O}$ Newton
. , Newton Fourier [7, pp. $70_{-}74$] Steffensen
[4, pp. 93-95] .
. Steffensen , Aitken [1] ,





$B_{n}=A_{n}- \frac{(\Delta A_{n})^{2}}{\Delta^{2}A_{n}}$ , $n=0,1,2,$ $\ldots$ (3)


















$A_{n}\mathrm{B}\text{ }\backslash \text{ }\mathrm{S}\mathrm{h}\mathrm{a}\mathrm{n}\mathrm{k}\mathrm{S}\grave{\wedge}\text{ }T\text{ }i^{1\mathrm{J}}B_{n}\mathrm{f}$
8] $\#\mathrm{h}$ Aitken , $k$ ,
$k)$
$B_{n}^{(k)}=H_{k+1}(A_{n})/H_{k}(\Delta^{2}A_{n})$ , $n=0,1,2,$ $\ldots$ (4)
. , $H_{k}(A_{n}),$ $Hk(\Delta^{2}A_{n})$
$H_{k+1}(A_{n})=$
$A_{n}$ $A_{n+1}$ ... $A_{n+k}$
$A_{n+1}$ $A_{n+2}$ ... $A_{n+k+1}$
. . ... .
$A_{n+k}A_{n+k+1}^{\cdot}\ldots A_{n+2k}$
$\mathrm{I}^{k+1}$ , $H_{k}(.\Delta^{2}A_{n})=\mathrm{I}^{k}$
Hankel . $k=1$ (4) Aitken .
Aitken Shanks , $A_{n}$ 1 , $B_{n}^{(k)}$
1 .
229
, \epsilon - [11] , (4)
. , $\epsilon_{-1}^{(n)}=0,\mathit{6}0^{n)}=A_{n}((n=0,1,2, \ldots)$ ,
$\epsilon_{j+1}^{(}=n)(n+1)\epsilon-1+\frac{1}{\epsilon_{j}^{()}-n+1\epsilon^{()}jn}j$ ’ $j=0,1,2,$ $\ldots$ , $n=0,1,2,$ $\ldots$ (5)
$\epsilon_{j}^{(n)}$ . $B_{n}^{(k)}=\epsilon_{2k}^{(n)},$ $n=0,1,2,$ $\ldots,$ $.\text{ }$ .
, \epsilon - $B_{n}^{(k)}$ $k(2k+2n+1)$ .
3 Shanks
.
Steffensen (2) . Aitken (3) $k$ Shanks
(4) ,









$\phi_{k}\phi_{2^{+1}}\phi_{k}.\cdot.k$ $1^{k+1}$ , $B_{k}(x)\equiv\}k$ ,
$\phi_{0}(x)\equiv x$ , $\phi_{j+1}(x)\equiv\phi(\phi_{j}(x))$ , $j=0,1,$ $\ldots,$ $2k-1$ ,
$\Delta^{2}\phi_{j}(x)\equiv\phi_{j+2}(x)-2\emptyset j+1(x)+\phi_{j}(x)$ , $j=0,2,$ $\ldots,$ $2k-2$
. , $\Phi_{k}(x)$ $x=\emptyset(x)$ .
4 Shanks
$k$ Shanks .
1. $\phi(x)$ $C^{k+1}$ , $\phi’(\alpha)\neq 0,$ $\pm 1$ , $k$ Shanks
(6) $x_{n}$ $\alpha$ $k+1$ .
. $x=\phi(X)$ $0$ – ( ) , $0$
. $\Phi_{k}(x)$ $x=0$ Taylor .
$\phi(x)$ $c_{n}\equiv\phi^{(n}$ ) (0) $(n=1,2, \ldots)$ . ,
. $a_{m,j}(x),$ $b_{m,j}(x)$
$a_{1,j}\equiv\phi_{j}$ , $m=1$ , $j=0,1,$ $\ldots,$ $2k$ ,
$a_{m+1,j}\equiv a_{m,jj-1}-C_{1^{m}}am,$ , $m=1,2,$ $\ldots,$ $k$ , $j=m,$ $m+1,$ $\ldots$ , $2k$ , . (7)













, Steffensen $k=1$ . $A_{1}.(x)$
Taylor
$a_{1,0}(x)=x$ , $a_{1,1}(x)=c_{1^{X+}} \frac{1}{2}C_{2^{X+}}2\ldots$ ,





. $c_{1}\neq 1$ , $xarrow \mathrm{O}$ $\Phi_{1}(x)=O(X^{2})$ .
$\text{ }$
$k$ $\Phi_{k}(x)=O\langle_{X^{k+1}}$ ) . , $a_{m,j}(x)$ .
$a_{m,j}(x)$ (7) $\beta_{i}^{(m)}$





. , $C(q1, \ldots, q_{r})$ $\{q_{1}, \ldots, q_{r}\}$ - .
, $C(1, \ldots, 1)=1$ . $n$ $\phi_{j}^{(n)}(0)$ , $\gamma_{r}^{(n)}$
$\phi_{j}^{(n)}(0)=C_{1}n\phi_{j}^{()}n-1(0)+\sum_{=r1}^{n-1}\gamma^{(}.r)n\phi(r)(j-1)0$ , $\gamma_{r}^{(n)}\equiv\ldots$
$\sum_{t,\text{ _{}\mathrm{r}\backslash }<+q=\leq q_{1}n}\ldots c(q_{1}, \ldots, qr)CC\cdots \mathrm{c}_{q}q_{1}q_{2}$
, (10)
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. (9) (10) , $a_{j,m}^{(n)}(0)$ ;
$a_{m,j}^{(n)}( \mathrm{o})=\phi^{(}jn)(\mathrm{o})+\sum_{i=1}\beta_{i}^{(m)(}\phi_{j-i}n)(0)$
$=(c_{1^{n}} \emptyset_{j}(n)(-10)+\sum_{r=1}\gamma_{r}^{(n)}\phi^{(}j-1(r)\mathrm{I}n-10)+\sum_{1i=}^{m-}\beta i1(m)(c_{1^{n}}\phi^{(n}j-i-1())0+\sum^{n}\gamma_{\mathrm{r}}\phi j-i-1((r0(n)))\mathrm{I}r=1-1$
$=c_{1^{n}}( \phi_{j1}^{(n)}-(0)+\sum^{1}\beta_{i}^{(m})\phi j(n)(0)\mathrm{I}m-i=11--i+\sum_{r=1}^{n}\sim-1\gamma^{(n}r)(\phi_{j-}^{(r)}1(0)+\sum_{i=1}^{1}\beta_{i}^{(m})\phi j(r)(0)\mathrm{I}m-1--i$
$=c_{1^{n}}a_{m,j1}^{(n})-(0)+ \sum n-1\gamma r(n)a-((m,j1)r)0$ . (11)
(7) $n$ (11)
$a_{m+j}^{(n)(n)}1,(0)=(c_{1}-nc_{1}^{m})a-1(m,j) \mathrm{o}+\sum_{=r1}^{n}-1\gamma^{(n}r)a_{m},-((r)0)j1$ (12)
. , $a_{m,j}(x)=o(X^{m})$ . ,
$\{$
$a_{m,j}^{(n)}(\mathrm{o})=0$ , $n<m,$ .
$a_{m,j}^{(n)}(0.)\neq 0$ , $n=m$
. (12) $c_{1}\neq\pm 1$ ,
$\{$
$a_{m+1,j}^{(n})(\mathrm{o})=0$ , $n<m+1$ ,
$a_{m+j}^{(n)}1,(0)\neq 0$ , $n=m+1$
(13)
. $\cdot$ , $a_{m+1,j}(x)=O(X^{m+1})$ . , $m$
$a_{m,j}(x)=o(X^{m})$ .
, $b_{m,j}(x)$ , (8),(11) $,(13)$ $c_{1}\neq\pm 1$ ,
$\{$
$b_{m,j}^{(n)}(\mathrm{o})=0$ , $n<m$ ,
$b_{m,j}^{(n)}(\mathrm{o})=$
.
$(c_{1}^{m}-1)^{2}a_{m,j}^{(m)}(0)\neq 0$ , $n=m$
, $b_{m,j}(x)=o(X^{m})(m=1,2, \ldots)$ . .
$S_{n}$ $\sigma=$ $(_{i_{0}}^{0} i_{1}1 ::: i_{n-1}n-1)$ . $a_{m,j}(x)=O(x^{m}),$ $b_{m,j()}x=O(x^{m})$
,
$A_{k}(X)= \sum_{+\sigma\in k1}..\mathrm{S}\mathrm{g}\mathrm{n}\sigma\cdot a_{1},i02a,1+i_{1}\ldots ak+1,k+i\mathrm{k}O=(X)s(k+1)(k+2)/2$
,
$B_{k}(_{X})= \sum_{S\sigma\in k}\mathrm{s}\mathrm{g}\mathrm{n}\sigma\cdot b_{1},i_{0}b2,1+i_{1}\ldots b_{k},k-1+ik-1=O(_{X^{k(1)}}k+/2)$
232
. , $\Phi_{k}(x)=O(X^{k+1})$ . , $k$ Shanks
, $\phi’(\alpha)\neq 0,$ $\pm 1$ , $k+1$ .
1 $\phi(x)$ 1 . $\phi(x)$ 2
, , $f(x)=0$ Newton
$x=\phi(x),$ $\phi(x)\equiv x-f(x)/f’(x)$ . .
2. $\phi(x)$ $C^{(k+2)}2^{k-}1$ , $\emptyset’(\alpha)=0,$ $\emptyset’’(\alpha)\neq 0$ , $k$ Shanks
(6) $x_{n}$ $\alpha$ $(k+2)2^{k-1}$ .
. 1 $x=0$ . $\phi_{j}(x)$ Taylor $\phi_{j}^{(n)}(0)$
. (10) $c_{1}=0,$ $c_{2}\neq 0$ ,
$\{$
$\phi_{j}^{(n)}(\mathrm{o})=0$ , $n<2^{j}-1$ ,
$\phi_{j}^{(n)}(0)\neq 0$ , $n=2^{j}$
. , $\phi j(x)=o(X2^{j}),.\Delta^{2}\phi j(x)=o(X^{2^{j}})$ . Hankel
$A_{k}(X)= \sum_{+\sigma\in s_{k}1}\mathrm{s}\mathrm{g}\mathrm{n}\sigma\cdot\emptyset i_{0}\phi 1+i_{1}\emptyset 2+i_{2}\ldots\emptyset k+ik$
$\phi i_{\text{ }}\phi_{1+}i1\ldots\phi k+ik=O(X^{2^{i_{0+}}\cdots 2^{k}k})++$
:
$A_{k}(x)$
. $i_{0}=k,$ $i\mathrm{l}=k-1,$ $i_{2}=k-2,$ $\ldots,$ $i_{k}=0$ , $A_{k}(x)=$
$O(.x^{(1})2^{k})k+$ . $B_{k}(x)=O(xk2^{k1}-)$ , $\Phi_{k}(x)=O(X^{(+})k2)2k-1$
. , $\phi’(\alpha)=0,$ $\phi’’(\alpha)\neq 0$ $k$ Shanks
$(k+2)2^{k-1}$ . $\square$
5
1,2 1,2 . 3
, Kepler .
$f(x)\equiv e^{-x}-x=0$ , $\alpha=0.56714329040978104129\ldots$
. , $x=\phi(X)$ , 1 $\phi(x)\equiv$





1,2 1,2 . (1)
(6) $k=1,2,3,4$ .
233
Mathematica . $x_{0}=0$ ,
$|f(X_{n}\cdot)|<10^{-1000}$ .
$\log_{10}|\frac{x_{2}-x_{n}*}{x_{1}-x_{n}}$. $|/ \log_{1}0|\frac{x_{1}-x_{n}*}{x_{0}-Xn^{*}}|$ (14)




. , $l$ $e$
$\{$
$l= \frac{\pi}{180}\cross\dot{\iota}$ , $i=0,1,$ $\ldots,$ $180$ ,
$e=0.\mathrm{O}1\cross j$, $j=0,1,$ $\ldots,$ 100
.
$\phi(x)$ $\phi(x)\equiv l+e\sin(x)$ , (1), Steffensen (2)
(6) $k=3$ . , $\phi(x)\equiv x-f(x)/f’(x)$
, Newton . . $x_{0}=l$
, $|f(X_{n*})|<10^{-}13$ .
$l$ $e$ , , 2
. Newton Steffensen ,
.
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, . , 3 . ,
\epsilon - $\phi$ , .
, . $\phi$ ,
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(a) Newton (b) Steffensen
$k=3$
2 3 $l,$ $e$
6
, $x=\emptyset(x)$ Steffensen . $k$
Shanks , .
,
. $k$ Shanks , $\phi’(\alpha)\neq 0,$ $\pm 1$ $k+1$ (
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